gobooooodgdn
(Formulation of source coding)

source (0 0 ) alphabet S : a finite set
St:=1|JS*:SO000 10000000

n>1
¢ : 00 (the empty word), SO = {e}
S*=1JS*:SO0O0D0 00000000
n>0
=St U{e}

weSTO0O000dwl:=n
(the length of a sequence)
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gobooooodgdn
(Formulation of source coding)

code alphabet T : a finite set
(typically T ={0,1})

C:S— Tt : 00 (code)
w e ImC: 000 (code-word)

— 00O0ogog ¢c*:S*—T000
(extended by concatnation)
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000000 (Requirement for good codes)

e Uniquely decodable (0O O0OOO) ?

e Furthermore, instantaneously decodable
(Dooooo)?

e Furthermore, efficient (0O 0) ?
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000000 (Requirement for good codes)

e 0O OO (uniquely decodable code):
C*:S* — T" tinjective (0 O)

e 1000 (instantaneously decodable code):
C*'(x) =C(s)w = x = sy

(If the received sequence starts with C(s),
the source sequence starts with s.)

e 1O OO0 (efficient)
- the lengths |C(s)| of code-words are small
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gooooooood
(Ex. not uniquely decodable)

0

S ={a,b,c} @

T—{O n C: b — 01
I ¢ — 007

000100 abO cOODOODO
(cannot distinguish between “ab” and “c”)

— ooooooooon
(NOT uniquely decodable!!)
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gobooooodgdn

(Ex. not instantaneously decodable)

a— 0

S ={a,b,c}
T—01 C:{ br—01
Y cr— 11

e Uniquely decodable (00000000 O0O)

PY 51011. .. ” ﬁ llac. .. ” Or “bC' . ” ?
(“Oll]_"ﬁ“bc" , l‘01111ll$‘laccll)
— NOT instantaneously decodable
(Dooooooono)
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goooboodn

(Ex. instantaneously decodable)

a— 0

S ={a,b,c}
T=001 C:-¢{b—10
Y cr— 11

— How can one distinguish
instantaneously decodable codes
by looking only at C(S) ={0,10,11} Cc Tt ?
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goodogn
(Properties of instantaneously decodable codes)

e C: instant. decodable — C: uniq. decodable

e C : instant. decodable
& C : prefix code (00O 0O)
(C(s) =C(s)x = s =s,x =¢)

goobogogdn
(How to construct instant. decodable codes)

000 (codetree) OO OO
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000 (code tree)

Ex. T=1{0,1,2)
C(S) = 1{0,10,11,12,20,210,211,212,220, 221}

210 211 212 220 221
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gobooboogdgoon

(Code trees and instantaneous decodablity)
Ex. T={0,1}

C(S) =1{0,01,11} C(S) ={0,10,11}
0 1
0
1 1
01 11 10 11

not instant. decodable instant. decodable
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goodogn
(Efficency of instantaneously decodable codes)

gboboboooobbooooon
gobobuooooboo

(Under the condition to be instant. decodable,
make it as efficient as possible.)

The list of the lengths of the code-words

(IC(s)Dses = (IC(s1)],IC(s2)l, .. ., [Cs1)])
is to be as “small” as possible.
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Kraft 0 0 00O (Kraft’s inequality)

S={s1,...,SK}, #T =1 (r-ary code)
For a sequence ({;,...,{;) of natural numbers,

3 an r-ary instant. decodable code C

1
<:)Zr“ <
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instant. decodable — uniq. decodable
(the converse is not true)
(Uniq. decodability is a weaker condition.)

If we allow uniq. decodable codes,
can we make the list of lengths more small ?

— No!!

(For any uniq. decodable code,
there exists a instant. decodable code
with the same list of lengths.)
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McMillan 00 00O (McMillan’s inequality)

S={s1,..., s}, #T =1 (r-ary code)
For a sequence ({;,...,{;) of natural numbers,

3 an r-ary uniq. decodable code C
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000 (generating functions)

Construct a function from a sequence (a,,)
— use of analytic method

e > a,X": power series (usual type)
n>0

o > —Xn : exponential type

n>0

° > —X“ : logarithmic type

n>1

° Z — : Dirichlet series
n>1
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Ex. k=2

source length 0: ¢ | X°
1

source length 1: w; | XY
W) Xz2
Xt XC

source length 2: wyw; | X0 X4 = X264
WIW) X&X(Zz = Xe1 6
WoWq X€2X€] — XE] +£
Wow) XKZXIZZ = Xze2
X XE)?
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Oo0o00o000o0o11000000000000
(Various length for each character in Morse code)

«— ooouoooouooouoouoooo
(Shorter if frequent, longer if rare)

— Doggobobbbuoobbbodo
(Shorten the expectation length)
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Oo0o00o000o0o11000000000000
(Various length for each character in Morse code)

«— ooouoooouooouoouoooo
(Shorter if frequent, longer if rare)

— Doggobobbbuoobbbodo
(Shorten the expectation length)

- 00(0000)ooooooooooooo
(Formulate efficiency considering frequency)
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Oo0o00o000o0o11000000000000
(Various length for each character in Morse code)

«— ooouoooouooouoouoooo
(Shorter if frequent, longer if rare)

— Doggobobbbuoobbbodo
(Shorten the expectation length)

- 00(0000)ooooooooooooo
(Formulate efficiency considering frequency)

0000 alphabet 0000 O0OOO0OO0OOOO
(The “source” should mean
a pair of the source alphabet and frequency.)

—O0oooioooooo 17—



gobooooogoooo
(Formulation of source coding: continued)

S : source alphabet (a finite set)

P:S—[0,1]]CR: 0000
(occurence probability, > P(s) =1)
seS
000 (source) S:=(S,P)
00 seSO00 P(s) 000000
(generates symbols s € S
with probability P(s) successively)
—wesStoon
(generates a sequence w € S)
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Here we assume the following property
for simplicity:

(CO0OD0)0O0 :0DO00ODOOOOOOO0O0
(Assumption : stationary, memoryless source)

0seSOO0O00O P(s)00sOODOOO0O
00D00000O0DbOO0bOobOoon
The occurence probability P(s) of s € S
depends only on s,
not on preceding symbols.
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gobooooogoooo
(Formulation of source coding: continued)

T : code alphabet (a finite set)
(typically T ={0,1})

C:S— T": a code
— 00o00ogog ¢c*:S*—T 000
(extended by concatnation)

=3 P(s) .cO000000

seS
(average code-word-length)
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000000 (Requirement for good codes)

e 0O OO (uniquely decodable code):
C*:S* — T" :injective (0 O)
e 1000 (instantaneously decodable code):
C*'(x) =C(s)w = x =53y
.-+ These do not depend on P.

e JODOOO (efficient) : L(C) is small.
.-+ This depends on P.
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Taking the occurence probability P
into consideration,

construct a code with small average length.
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Taking the occurence probability P
into consideration,

construct a code with small average length.

— Huffman code

—0ooo0iooooooo 22—



O00000000000000 (Huffman code)

(Construction of a code C with small L(C))
Ex. #S =4 =27,

SH a ‘ b ‘ c ‘ d
P || 0.4 [0.25| 0.2 |0.15
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O00000000000000 (Huffman code)

(Construction of a code C with small L(C))
Ex. #S =4 =22, average Iength: 1.95(< 2)

H 000 ‘ 001
d
P | 0.4 |o.25| 0.2 10.15
0\
0.35
1 0
0.6
1\_0

—0oo0imoooooo
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Huffman code

e 00000 L(C)0DO0DDODO
(Attain the minimum avarage length L(C))
- 0000 (optimal code)

e JODOODOOO P(s) O
“0000"000000000
(More effective
if P(s)’s are more “scattering”)

e J: 0J0OO0OOOOOOONO
ooooooooo
(Weak point: must know P(s)’s in advance)
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4S=200000
000000 (boooooooo)L(ec)y=10 7
(If #S =2, must one have L(C) =1 ?)

ooooooooono ?
(Is there a good way to improve ?7)
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4S=200000
000000 (boooooooo)L(ec)y=10 7
(If #S =2, must one have L(C) =1 ?)

ooooooooono ?
(Is there a good way to improve ?7)

— Consider extended sources (D 0O 00)
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00000 (Extended source)

oo0o s=(S,p)oooo
‘nJ00000000OOO” SsS~0000
(For the source S = (S, P), consider
the source S™ “packed every n symbols”)

S™ = (S™, PeM)
S"=Sx---xS={si...5,[s €S}
pem.Sn Ly [0,1] c R
Siy ... Si, — P(si,)---P(sy,)

—— Encode this source S™.
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OO0: 000000000000

Sl al| b
P|0.80.2

(1) 20000000 &%= (S?%P%?)
0000 Huffman OO C, 00000
“lO0o0oooooooo”
L(C,)/200000

(2)30000000 83 = (S3,pe3)
dodoodoooonogoogn

—0ooowooooooo 27—



