“the information content (J 0O O)"

oooobD pOO000000O0 “ODOOOO0OO
ooooobooooo ?

How should one quantify
“the information content”
that an event P occurs ?
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oo pPOODOOCOOOO *“0O00O0O” I(P)

(“the information content” I(P)
that an event P occurs)

00 (Requirement):
(1) depends only on the occurence probability p
— 1(p) = 1(P)
(2) for two independent events P, Py,
[(Py AP2) =1(Py) + I(P2)
— I(p1p2) = L(p1) + 1(p2)
(3) I: (0,11 — Rsp : continuous (not const. 0)

1
— | I(p) = Clogl—) =—Clogp (C>0)
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000 PODOOODOODO “DOO0O™ I(P)
(“the information content” I(P)
that an event P occurs)

1
I(p) = Clogg =—Clogp (C>0)

the choice of the constant C
+— the choice of the base of log
«—— the choice of the unit of “information”

1
Usually we choose 2 as the base; 1(=) :=1.

— the unit of “information”: bit (binary digit)
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0000000000 (the entropy of a source)

the expected value of the information
from the source S = (S, P) per each symbol:

= > P(s)I(P(s))

seS

: the entropy of the source §
S={s1,...,s1, ( i) =pi

Zpllog— = —Zpllogpl
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For the code C,,
for the extended source S™ = (S™, P®")
of degree n,

LC.)
Sl

what is the infimum of

— It will not be smaller than
the entropy H(S) of S.

— For a code C,
first compare the avarage length L(C)
with the entropy H(S).
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Theorem
S =(S,P) : a source

C : a uniq. (or instant.) decodable code for S

= L(C) = H(S)

(Here, the base of log is chosen as 1 := #T.)

n:= %S)) : the efficiency (0 O) of C

f=1-—mn: the redundancy (0 0 O) of C
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Kraft 0 0 00O (Kraft’s inequality)

S={s1,...,SK}, #T =1 (r-ary code)
For a sequence ({;,...,{;) of natural numbers,

3 an r-ary instant. decodable code C

1
<:)Zr“ <

—Ooooiooooooo 7—



Lemma

xi,yi>0 (1:1,,k)

3 k
in = ZUi =1
i=1 i=1

K K
1 1
— xilog — < xilog —

(Equality iff Vi:x; = y;)
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L(C) > H(S)

e Can L(C) = H(S) be attained for some C ?

* inf L(C) = H(S) ?

Though Huffman code is optimal,
the estimate of L(C) from above is difficult.

— Shannon-Fano code
(use of Kraft-McMiillan inequality)
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000 (code tree)

Ex. T=1{0,1,2)
C(S) = 1{0,10,11,12,20,210,211,212,220, 221}

210 211 212 220 221
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Shannon-Fano codes

For S :{S],...,Sk}, P(Si) = Pi, #T =T

put £ = Pogr (vlﬂ

k

— <1

Sl

— 3 an r-ary instant. decodable code C
with [C(s;)| = ¢{; for all 1

For this C, we have H(S) < L(C) < 1+ H(S).
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Theorem

S =(S,P) : a source

C : an optimal code for S

= H(S) < L(C) <1+ H(S)

(Here, the base of log is chosen as 1 := #T.)
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Shannon’s Noiseless Coding Theorem

S =(S,P) : a source

S = (S™, PeM)
: the extended source of S of degree n

Cn : an optimal code for S™

— [im

n—oo n

(Here, the base of log is chosen as 1 := #T.)

—0ooo0iooooooo 13—



D00000DbO0DOO0O0OO0O0ODOooDOoon
Here we stop saying about the source coding
and go to the next topic.

gobooooooooon

(What is required in communication ?)
e JOOO (efficiently)
— 0000 (Information Theory)

e 000 (certainly)
— 0000 (Coding Theory)

e 00O (safely)
— 0000 (Cryptography)
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000000000 (o)oooood
Noises are obstructive in communication.

O000DO00OO000O0obO0oDOobobooooog
Ooo0O0bOoboobooooooor
When trying to communicate
with noisy channel,
how can one overcome the errors ?

O000DO0DO00O0OO0obOooOOoDOobooo?
Dealing with the errors,
how efficiently can one communicate ?

— Coding theory(D 00 0)
0 Error-correcting codes(CU 0 000 0)
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000000 (O0)(Error-correcting codes)

How to overcome errors occurring in channels:

e Physical technology: Error suppression
000000000 (o0oooooon)
(000000ODO0O00oDDoOoOoooon)

e Social technology: The thought of “fail-safe”
gdooooooooooouooooa
(DOOoOoOoOOOoOooOoooon)

e Mathematical technology: Error correction
000000DO00O000ooooDoon
— 00o000o0oooo(@ooooon)
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000000 (O0)(Error-correcting codes)

oo0ooo0Oouo (boooo)ooogooo ?
How should we do when we meet
a (suspicious) error in communication ?

O: 0000000000000 0oo
“We will meet at Yotsuba station.”

e I (DDUUODDDDODOOODO)
Ask again (more secure protocol)

e J00DODO(ODOOOODO)
Make a guess (error-correcting)
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000000 (O0)(Error-correcting codes)

O: 000000o00oooooooo
“We will meet at Yotsuba station.”
— 0O00oooooono

It should be Yotsuya station.

e Why can one be aware of the error?
— No station has the name “Yotsuba”.

e Why can one guess the correct name?
— No other station has a similar name.

«— Only few strings are correct names.
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000000 (O0)(Error-correcting codes)

e Why can one be aware of the error?
— No station has the name “Yotsuba”.

e Why can one guess the correct name?
— No other station has a similar name.

«— Only few strings are correct names.

If all strings were names of some stations,
we could not correct the error.

— 0000000DO00O00b00ooog
Use of redundancy to keep certainty
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000000 (O0)(Error-correcting codes)

O0000O0DbO00OO0O00OooDoon
0000000000 000DO000
Give some controlled redundancy beforehand
to do automatic error-correction.

e 0D UOOOODODO
(High error-correction ability)
e DO UUOOODLDDDOOO
(As efficient as possible)

— 0000000000000 0ooooon
(Use of linear algebra and algebraic geometry

over finite fields)
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