0000 (linear codes)

To construct a code with many code-words
systematically,

the code-words of C should be distributed
as “equally” as possible.

— Use mathematical structures (symmetry)
of V=T
.- linear codes (0 0 O 0O)
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0000 (linear codes)

T =F, : a finite field (0O O)

V =F," : a linear space over F;
-gboobgoobo

(equipped with sum and scalar multiplication)

C: 0000 (linear code)
£= C is a subspace of V
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00000000 (invariants of linear codes)

the code-word length (000 0) n =dimg V
the dimension (0 0) k :=dimg, C over F;

— [n,kl]-code (0O OO0 M = #C = q")
w(x) = #{i|x; # 0} : the weight (0 0) of x e V
d(x,y) =w(y —x)
0000 d=d(C)=min{w(x)|x € C,x # 0}

— [n, k, d]-code
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Hamming O O (Hamming distance)

Hamming distance on V =T"
d:VxV— Ry

is defined as follows:

for x = (x1,...,%n), Yy = (U1,...,Un) €V,

d(x,y) == #{i|xi # yi)-
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00000000 (invariants of linear codes)

e the code-word length (00 0) n =dimg V
(temporarily fix)
e the dimension (O 0 )k = dimg, C
(larger, better)
e the minimum distance(CD 00 0) d
(larger, better)

: transmission rate (0000 0)

: relative minimum distance
(Coooon)

— R, 4 : both larger (conflicting request)
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000000 (examples of linear codes)

e J00OODO (DODODO) (repetition codes)

e JJIJOODDODO (parity-check codes)
(DD0DOO0OD0O0O, only error-detection)

e Hamming codes
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00000 (0000, repetition codes)

n=2t+1,V=F"
Send each symbol n times repeatedly.
C={xx,...,x)[xeFCV
C=Fv withv=(1,1,...,1)
e U0 n=dimg V

o (10 k:diquC:1
e 1000 d=n (t-error correction)
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00000000 (parity-check codes)

e U0 n=dimg V
o (10 k:diquC:n—1
e 00O0ODO d=2
(only 1 error-detection, no error-correction)
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0000 (extended codes)

V=F"
C : [n,k,d]-code C V

(x1,...,xn) €C
C:=<(x Xr, Xre1) jias
. Ty« oy Ay Antl ZXiZO
i=1
: C 00000 (extended code) C F,™!
C: n+1k,d+ el-code (¢ =0,1)
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000000000 (generator matrix)

CCV=F"={x=(x1,...,xn)|x; € Fy}

diquC:k
(vq,...,v¢) : a basis of C
vi:(ai])"')aiﬂ-)
Vi ayp - Qin
G=|:]=|: : 1 |eMknR)
Vn Qi1 - Qg

: C 00000 (generator matrix)
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000000 (generation of code-words)

Vi ay; - Qin
G=|:|=|: : : € M(k,n; Fy)
Vn a1 -+ Gk
: a generator matrix of C

C ={sG|s ¢ F,N

(p(;ZFqk;CCV:Fqn
S=1(s1,...,8c) — SG = s7Vvy + - -+ + S,V
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000000 (Checking code-words)

How to check
whether a recieved word y € V
is a correct code-word (y € C) or not

me:V — V/C ~F,"*: projection

Take a basis of V/C
(or, choose an isomorphism V/C ~ F," ),
for matrix representation of ..
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000000 (Checking code-words)

(pAZV:Fqn—>Fqn_k
yr— yA
yel & oaly) =yA=0
0000000 H=ATeMn—k,n;F) 00O

H: COOOOO0OO0O000O (parity-check matrix)

yeC+ yH" =0
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0000 (error correction)

Y&l yH" #0

yH'" : the syndrome (0000 00) of y

How to find the correct code-word x € C

<= How to obtain the error vector e .=y — x
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0000 (error correction)

e y=y (mod(C) & yH" =yH"
ey=-e (mod ()
e w(e) <t (assumption)

e Enumerate all e € V with w(e) <t
—— make the table of eH' in advance

e For a recieved word y €V,
seek for e with yH" = eH' from the table

— How to do this efficiently
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000000000 (linear isometry)

V = (V,d) : a metric linear space
(00DDD0D0000)

f:V — V : a linear isometry
(000O0D0DDOO0O, isometric linear autom.)

<= f: alinear autom. preserving distances
(d(f(x), f(y)) = f(x,y))

For d : Hamming distance,
&= f : a linear autom. preserving weights
(w(f(x)) =w(x))
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000000000 (linear isometry)

Aut(V,d) : the group consisting of
all the linear isometries of V = (V,d)

Aut(V, d) is generated by
the following two kinds of autom’s:

e permutations of components

(0o (0oooo)oon)
e non-zero const. multipl’ns of a component
(DooooDooooo)

Aut(V,d) = 6,1 F = &, x (BN
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00000 (equivalence of codes)

Two codes C,C’ C V are equivalent (O O)
= 3f € Aut(V,d) : C' =f(C)

O000000000bOO0DOooDooooDoooon
Equivalent codes have the same properties
w.r.t. error-correction.
(the dimension, the minimum distance)

Good representatives of equivalent classes
= standard forms of linear codes
= systematic codes
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0000 (systematic codes)

C : a systematic code (0 O 00)

&= C has a generator matrix G of the form
G = (Ix|P), where P € M(k,n —k; F,).

G = (Ix|P) : gen.matrix (P € M(k,n —k;F,))
H= (_PT‘Infk) : check matrix

GH'=0
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0000 (systematic codes)

G=(IkP), H=(-P"|I.x)
oc:F*—CcV=F"
s =(s1,...,8¢) — SG = (s|sP)
s : information symbols(0J 0 )
sP : check symbols(0J 0 )
Thm

Any linear code is equivalent
to a systematic code.
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